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We develop a theory of pulse conduction in percolation type of materials such as noncrystalline
semiconductors and nano-metal compounds. For short voltage pulses, the corresponding electric
currents are inversely proportional to the pulse length and exhibit significant nonohmicity due to
strong local fields in resistive regions of the percolation bonds. These fields can trigger local switching
events incrementally changing bond resistances in response to pulse trains. Our prediction opens a
venue to a class of multi-value nonvolatile memory implementable with a variety of materials.
I. INTRODUCTION
Nonvolatile memory cells are often based on disordered
materials, noncrystalline or compound, with percolation
conduction. Percolation in these systems1–3 is due to
exponentially strong variations in local resistivities and
the macroscopic conductivity is dominated by the bonds
of the corresponding smallest random resistors allowing
electric connectivity. Relevant for memory applications
are percolation materials exhibiting plasticity, i. e. the
ability to change their resistances in response to electric
bias. They include metal oxides and chalcogenide com-
pounds used respectively with resistive random access
memory (RRAM)4 and phase change memory (PCM),5
granular metals,6 and nano-composites.7
As a quick reminder, Fig. 1 shows random resistors
forming bonds in a percolation cluster of correlation ra-
dius (mesh size) Lc. The standard treatment assumes
time independent currents continuous through the bonds.
Because the bond constituting microscopic resistors are
exponentially different, the current continuity requires
significantly different local electric fields through them.
The highest of those local fields produces the exponen-
tially strong nonohmicity of percolation materials.8–11
One distinct feature introduced here is that local elec-
tric fields in percolation bonds can be strong enough to
structurally modify the underlying material through non-
volatile changes in its local resistivities; hence, percola-
tion with plasticity (PWP).
Another feature introduced here to percolation analy-
ses is the nonstationary pulse-shaped electric bias char-
acteristic of nonvolatile memory operations. We will de-
scribe its related current-voltage characteristics and local
switchings with fractional changes in the macroscopic re-
sistance due to individual pulses. That feature appears
similar to that of the spike-timing-dependent-plasticity
(STDP) central to the functionality of neural networks
(see12,13 and references therein). From the practical
standpoint, it paves a way to PWP multi-valued memory
operated in the pulse regime and implementable with a
variety of materials.
FIG. 1: A fragment of conductive pathways in the infinite
percolation cluster representative of polycrystalline or gran-
ular materials. Numbers 1-6 represent random resistors in
descending order of their resistances. The inset illustrates
nonuniformity scale (a), such as the diameter of nano-crystals.
II. STANDARD PERCOLATION VS. PWP
We start our discussion by outlining the concept of
standard percolation juxtaposed with that of PWP.
1) Standard percolation1–3 is dominated by the sparse,
infinite, and conducting cluster between two large elec-
trodes. That cluster’s bonds consist of minimally strong
resistors with total concentration sufficient to form a con-
nected structure. It is effectively uniform over distances
L  Lc (Fig. 1). Each bond consists of a large num-
ber (i = 1, 2, ..) of random resistors, Ri = R0 exp(ξi)
where quantities ξi are more or less uniformly distributed
in the interval (0, ξmax). The physical meaning of ξ de-
pends on the type of system. For definiteness, we assume
here ξi = Vi/kT corresponding to random barriers Vi in
noncrystalline materials illustrated in Fig. 3, where k
is the Boltzmann’s constant and T is the temperature.
In reality, the nature of percolation conduction can be
more complex including e. g. finite size effects and ther-
mally assisted tunneling between microscopic resistors in
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2FIG. 2: Schematic 2D illustration of PWP with ℵ = 8 local
interfaces (electrodes). Note a large combinatorial number
ℵ! = 8! ≈ 4 · 104 of inter-electrode pathways.
nanocomposites.14,15 These complications will not quali-
tatively change our conclusions.
As illustrated in Fig. 3, the bond forming microscopic
resistors exhibit non-ohmicity9,11 due to the field induced
suppression of their barriers Vi = kTξi. A symmetric
barrier of width a is suppressed by qEia/2 = qUi/2, where
Ei and Ui are the field strength on and voltage drop
across i-th resistor, and q is the electron charge. The
transition rates along and against the field are propor-
tional to exp(−V/kT ± qUa/2kT ) yielding the multiplier
sinh(qUi/2kT ) in the equation for current,
Ii = I0 exp(−ξi) sinh(qUi/2kT ), I0 = const. (1)
Because of the continuity of electric current and re-
sistors’ nonohmicity, the applied voltage concentrates on
the strongest resistor of a percolation bond (resistor 1 in
Fig. 1) suppressing it to the level of the next strongest
(resistor 2 in Fig. 1), so the two equally dominate the
entire bond voltage drop. It then suppresses the next-
next strongest resistors, etc. As a result, the percolation
cluster changes its structure, resulting in the macroscopic
non-ohmic conductivity.8–11
Note the above outlined concept of fields concentrat-
ing on most resistive elements implies significant micro-
scopic recharging necessary to create such strong fields.
The recharging occurs over the relaxation times τi =
τ0 exp(ξi), where τ0 ∼ 0.1−1 ps depending on the type of
system. Here ξi = Vi/kT corresponds to the random bar-
riers depicted in Fig. 3 and varies between different mi-
croscopic regions; they are exponentially higher for most
resistive regions. The microscopic recharging while tac-
itly implied in the original non-ohmicity work,8–11 was
insignificant there due to the imposed steady state con-
ditions, i. e. long enough time t τmax = τ0 exp(ξmax).
Three assumptions underly the standard percolation
theory: (a) The topology of infinite percolation cluster
between two electrodes. (b)The volatility of bias induced
changes: local resistances Ri adiabatically following volt-
ages Ui. (c) The quasistatic nature of biasing steady over
times exceeding the local relaxation times τi.
V
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FIG. 3: A sketch of the barrier configuration leading to
nonohmicity of Eq. (1). Solid and dash-dot lines correspond
to the potential energy before and after field application.
2) PWP systems violate all three of the above assump-
tions by: (a) opening a possibility of multiple (ℵ  1)
electrodes11 as signal entrances/ports and not assuming
the system dimensions exceeding Lc and requiring de-
scription beyond the standard percolation theory11,19;
(b) allowing for bias induced nonvolatile changes; and
(c) operating under pulse shaped bias typical of neural
networks (STDP). (The term “percolation” in PWP still
reflects the underlying transport topology.)
We address these differences as follows. (a) Keeping in
mind the case of multiple electrodes and/or below Lc sys-
tem dimensions, we concentrate on the pulse non-ohmic
conduction of a single percolation bond. The case of in-
finite cluster will be addressed in passing [see Eq. (8)].
(b) We will explicitly incorporate the possibility of non-
volatile changes. (c) We develop a theory of non-ohmic
percolation in the pulse regime.
III. NON-OHMIC PULSE PERCOLATION
Consider the non-ohmic conductivity of a series of ran-
dom resistors, Ri = R0 exp(ξi) with ξi in (0, ξmax) in
response to a voltage pulse of length t [task (c) above].
A key addition to the standard dc analysis8 is the sep-
aration of all resistors into two groups: ‘slow’ (τi > t)
and ‘fast’ (τi < t). ‘Fast’ resistors maintain the current
continuity adjusting their currents to local voltages Ui as
described in Eq. (1). However, ‘slow’ resistors lag behind
thus operating as capacitors (for short enough recharg-
ing processes) and not developing any significant voltage
drops across them.
The concept of slow resistors acting in a manner of
capacitors has been proposed and verified earlier.16,17 It
may be appropriate to additionally explain here that ca-
pacitors do not accommodate significant voltages when
3in series with resistors because the former conduct due
to displacement currents, jD = (ε/4pi)(dE/dt), while the
latter currents are real, j = σE where E is the elec-
tric field strength, ε is the dielectric permittivity, and σ
is the conductivity. The same current through capaci-
tors is due to the rate of field change, unrelated to volt-
age, rather than the field itself proportional to voltage in
resistors. Relating this understanding with microscopic
models, we note that the displacement currents are due
to charging/discharging processes in, say, capacitor elec-
trodes, or in potential wells in Fig. 3, or in certain defect
configurations responsible for electric potential distribu-
tions in percolation clusters.
The resistor/capacitor equivalent circuit interpretation
opens a pathway to equivalent circuit modeling. Further-
more, because the current-voltage characteristics of Eq.
(1) are similar to that of a diode, the nonohmic resistors
can be represented by diodes thus allowing the standard
PSPICE circuit modeling. Some results of such modeling
are presented in Fig. 4.
FIG. 4: PSPICE modeled pulses of voltage on each of 9 diodes
in series with exponentially different saturation currents J0
(legend shows − log J0 in Amperes). As illustrated in the
inset, each diode has a bypassing capacitor of 1 nF. A trape-
zoidal voltage pulse with amplitude 1 V of duration 0.1 ms
for each of its three domains and applied. The transient fea-
tures (charge/discharge) are irrelevant here. We observe how
low saturation current diodes are equally shunted by the ca-
pacitors, while ‘fast’ diodes are under voltages logarithmic in
their saturation currents typical of dc regime.
We conclude that the applied voltage is distributed
mostly among the fast resistors. For that group, the volt-
age distribution is the same as for the dc voltage case,8
ξi=ξt∑
ξi=ξ0
Ui = UL with ξt = ln(t/τ0). (2)
Here ξ0 corresponds to the smallest value resistor affected
by the bias and UL is voltage across the bond of length
Lc.
Presenting the total current in the form,
I = I0 exp(−ξ0) (3)
the condition of current continuity becomes,
ξ0 − ξi = −qUi/2kT. (4)
Substituting the latter into Eq. (2) and replacing the
sum with integral, yields,
ξi=ξt∑
ξi=ξ0
(ξ0 − ξi) =
∫ ξt
ξ0
(ξ0 − ξ)Ndξ
ξmax
= −N(ξt − ξ0)
2
2ξmax
= −qUL
2kT
(5)
where N is the total number of resistors in the bond.
The multiplier N/ξmax in the integrand of Eq. (5) is the
probability density normalized to N resistors per bond.
Note that ξmax/Nc ≡ ∆ξ gives the average difference
between two successive values of ξ’s with Nc being the
number of resistors per bond of the percolation cluster.
Its numerical value is estimated as8,19,20 ∆ξ ∼ 1.
Expressing
ξ0 = ξt −
√
(qUL/kT )(ξmax/N) (6)
and considering Eq. (3) yields,
I = I0
τ0
t
exp
(√
ξmax
N
qUL
kT
)
. (7)
This result applies when the pulse time t is shorter than
the maximum relaxation time τ0 exp(ξmax) and is for-
mally different from that of dc analysis8 by the substi-
tution ξmax → ξt in Eq. (5). The two results coincide
when ξt = ξmax. The dependence I ∼ 1/t reflects the fact
that the number of contributing ‘fast’ resistors decreases
along with t. We note that the scaling I ∝ t−1 is close
to the results of numerical modeling18 for ac percolation
current I ∝ ω when we set t ∼ 1/ω.
While we do not systematically consider the pulse con-
duction of the entire percolation cluster, it can be ad-
vanced based on the published approaches9,11 with the
above proposed modification, ξmax → ξt = ln(t/τ0). This
predicts the following current voltage characteristics,
I = I0
τ0
t
exp
(√
aEq
3kT
ln
t
τ0
)
. (8)
Note that Eq. (8) functionally presents the well known
Poole-Frenkel law for nonohmic conduction, however its
exponent is now dependent on the voltage pulse duration,
which remains to be addressed experimentally.
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FIG. 5: Evolution of a PWP bond resistance R due to a train
of pulses. Note the logarithmic scale for resistance changes.
IV. PULSE INDUCED SWITCHING IN PWP
It follows from Eqs. (4) and (6) that the highest volt-
age drop is on the largest-valued resistor (1 in Fig. 1),
U1 = UL
√
(kT/qUL)(∆ξNc/N), (9)
which can be a significant fraction of the total applied
voltage. The next high and other subsequent voltages
(on resistors 2, 3, etc.) are incrementally smaller, Ui+1 =
Ui −∆ξ(kT/q), i = 1, 2, ...
Numerically, increment ∆U = ∆ξ(kT/q) can be quite
appreciable, ∆U ∼ 0.05− 0.1 V, corresponding to rather
high operational temperatures T ∼ 500− 1000 K of solid
state memory cells.21 Such ∆U exceeds the observed sta-
tistical dispersion of threshold voltages22 that is below
0.05 V. Therefore, local voltages Ui differ from each other
enough to provide distinct switching events following the
hierarchy of local resistors.
With the latter observation in mind, one can describe
the pulse driven evolution of a PWP bond. Each mi-
croscopic bond element can exist in either high- or low-
resistive state whose resistances, namely R> and R<, are
orders of magnitude different. Because of the inherent
randomness, values of R> form a broad spectrum, each
being well above R<. Before pulse application, all the
elements are in their high resistive state having random
resistances R>. The applied bias concentrated on the
strongest resistor (in the manner of Fig. 1) will change it
from R> to R< by switching, i. e. by long lived structural
transformation not responsive to subsequent voltage vari-
ations. That process takes time t equal to pulse length,
since the highest affected resistor is defined by the condi-
tion that it accommodates voltage during that time. The
end of the process coincides with the end of pulse, after
which the system finds itself under no bias, with resis-
tance decreased by a factor η ≡ exp(∆ξ) ∼ 3. The next
pulse will similarly eliminate the second strong resistor
decreasing the integral bond resistance by another factor
η, etc. as illustrated in Fig. 5.
Note that the resistance graph in Fig. 5 presents
the average picture: in reality, the spectrum of ξi is
not equidistant leading to variations between the step
changes in lnR. Secondly, we have tacitly assumed in-
stantaneous switching events. In reality, the switching
time (between the field application and structural trans-
formation) depends on the field strength and becomes
sufficiently short (in sub-nanoseconds) for rather strong
fields.22–27
Empirically, the fields reliably leading to switching
are in the range of <∼ 1 MV/cm. The following esti-
mate will show that such strong local electric fields are
achievable. Assuming a ∼ 1 nm and Vmax/kT ∼ 100
yields Lc ∼ aVmax/kT ∼ 100 nm. The strongest field in
the bond is estimated by our theory as U1/a, and since
U1 ∼
√
ULkT/q, one gets UL <∼ 0.1 V. The latter cor-
responds to a fairly attainable electric potential drop of
∼ UL(l/Lc) <∼ 10 kV across l ∼ 1 cm thick samples.
V. MULTI-VALUED MEMORY
The sequences of stepwise resistance changes can be
used as multiple memory records in PWP materials. The
number of different memory values (steps) is estimated
as M = (ξt − ξ0)/∆ξ, i. e.,
M =
√
(qV/kT )(ξmax/N)/∆ξ. (10)
For a rough numerical estimate, we use as before
qV/kT ∼ 100, and ξmax/N ∼ ∆ξ ∼ 1, which yields
M ∼ 10. That number can be further increased by
tweaking V and N . Combining the latter M  1 with
large numbers of PWP pathways (ℵ!  1 in Fig. 2)
promises memory density above the current technology.
Presently, we are aware of only indirect evidence of
sequential changes in resistance by pulses or continuous
voltage ramping.6,7,28 We hope that our predictions can
trigger additional experiments that are helpful for de-
termining the range of voltages which can cause sequen-
tial modifications (switching), the corresponding current-
voltage characteristics that depend on pulse duration,
and the number of switching events.
Two comments are in order here. The first one is
related to the record erasing mechanisms. A possible
answer refers to the known mechanisms of PCM and
RRAM reset processes by Joule heat anneal and/or by
using bipolar switching. For example, a moderate elec-
tric current during long enough time can anneal the pulse
switched conducting regions to their original dielectric
state. Alternatively, using materials with a degree of fer-
roelectricity can utilize the opposite polarity pulses for
reverse switching.29
Secondly, our analysis of transport in a bond of random
diodes might call upon building artificially assembled se-
ries of purposely different diodes. While they may be
more controllable than the natural noncrystalline mate-
rials, their cost and dimensions remain questionable.
5VI. CONCLUSION
In conclusion, we have developed a theory of pulse
non-ohmic transport in macro-bonds of percolation clus-
ters. Our analysis predicts pulse train triggered multiple
switching events in microscopic regions of PWP macro-
bonds incrementally changing the logarithms of their re-
sistances. These changes can pave a way to a class of su-
perior multi-valued memory implementable with a vari-
ety of materials. The above analysis outlines the range of
electric fields and material parameters suitable for PWP
multivalued memory. Various experimental verifications
are called upon including pulse regime nonohmicity and
switching in percolation systems and properties of per-
colation clusters with multiple electrodes.
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